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ABSTRACT We have generalized the double nucleation mechanism of Ferrone et al. (Ferrone, F. A., J. Hofrichter, H.
Sunshine, and W. A. Eaton. 1980. Biophys. J. 32:361-377; Ferrone, F. A., J. Hofrichter, and W. A. Eaton. 1985. J. Mol. Biol.
183:611-631) to describe the spatial dependence of the radial growth of polymer domains of sickle hemoglobin. Although
this extended model requires the consideration of effects such as monomer diffusion, which are irrelevant to a spatially
uniform description, no new adjustable parameters are required because diffusion constants are known independently. We
find that monomer diffusion into the growing domain can keep the net unpolymerized monomer concentration approximately
constant, and in that limit we present an analytic solution of the model. The model shows the features reported by Basak, S.,
F. A. Ferrone, and J. T. Wang (1988. Biophys J. 54:829-843) and provides a new means of determining the rate of polymer
growth. When spatially integrated, the model exhibits the exponential growth seen in previous studies, although molecular
parameters derived from analysis of the kinetics assuming uniformity must be modified in some cases to account for the
spatially nonuniform growth. The model developed here can be easily adapted to any spatially dependent polymerization
process.
INTRODUCTION
The primary event in creating a viscous gel from deoxygen-
ated sickle hemoglobin is the formation of polymers which
occurs with great rapidity after an apparent delay.
Nucleation-controlled polymerization was identified as an
element in this process when the extraordinarily high
reaction order was first observed (Hofrichter et al., 1974;
Malfa and Steinhardt, 1974). However, classic polymer
nucleation theories as elaborated by Oosawa and Asakura
(1975) and modified for nonideality (Eaton and Hofrich-
ter, 1978) predicted a simple t2 time dependence rather
than the observed exponential reaction. Relaxation of the
nucleation assumption to make the reaction sequential in
time accelerates the time course at the expense of the high
concentration dependence (Firestone et al., 1983; Gold-
stein and Stryer, 1986; Rangarajan and de Levie, 1983).
A pivotal observation breaking this impasse was that
the delay time exhibited stochastic fluctuations when
polymerization was observed in small volumes, whereas
the growth rate thereafter was entirely reproducible
(Ferrone et al., 1985a; Ferrone et al., 1980; Hofrichter,
1986). This signaled the incompatibility of a theory in
which each polymer was formed independently, because
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fluctuations would be associated with one (or at most a
few) molecular events, and yet a large number of poly-
mers were formed.
By postulating a second polymer formation pathway,
involving the nucleation of new polymers onto the surface
of previously formed polymers, the high autocatalysis and
concentration dependence could be reconciled in a double
nucleation mechanism that naturally provided for the
proliferation of polymers from a single molecular event
(Ferrone et al., 1985 b; Ferrone et al., 1980). The model
was found capable of describing the polymerization pro-
cess over the entire realm of observations, using thermody-
namically motivated reasonable parameters.
However, this mechanism is intrinsically spatially non-
uniform. Because the secondary nucleation forms poly-
mers attached to other polymers, a network is formed.
Evidence for the existence and structure of this polymer
network, or domain, has come from optical microscopy
(Beach et al., 1988; Hofrichter, 1979; Hofrichter et al.,
1976; Mickols et al., 1988; Mickols et al., 1985; Sunshine
et al., 1982; White and Heagan, 1970) and electron
microscopy (White and Heagan, 1970). These networks
were firmly established as part of the fundamental mech-
anism by the observation that the kinetics of polymeriza-
tion became stochastic only when a single domain was
formed, implying that the entire cluster was created from
a single molecular event (Ferrone et al., 1985a; Ferrone et
al., 1980; Hofrichter, 1986).
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Even if the polymers spawned by the heterogeneous
process do not remain attached, the resulting polymeriza-
tion process must be spatially dependent. The double
nucleation model was originally formulated in a spatially
uniform way because the only kinetic data available were
spatially averaged over the entire domain. Thus, the
assumption of uniformity was reasonable, though clearly
temporary. We have recently undertaken an experimental
program to investigate the kinetics of formation of do-
mains (Basak et al., 1988; Ferrone et al., 1987). The
initial results of that study show domains to originate with
considerable circular symmetry. When viewed radially,
the domains are approximately gaussian in shape. In time
the width as well as the amplitude of the gaussian shape
increases (Basak et al., 1988).
In this paper, we show how to account for the natural
spatial nonuniformity implicit in the double nucleation
model, or any secondary pathway model, without introduc-
ing new adjustable molecular parameters. This extended
model requires the consideration of effects irrelevant to
the spatially uniform description, most notably, monomer
diffusion. We find that monomer diffusion into the grow-
ing domain can keep the net unpolymerized monomer
concentration approximately constant, and in that limit
we present an analytic solution. The model shows the
features reported by Basak et al. (1988) and, when
spatially integrated, exhibits the exponential growth seen
in previous studies. Furthermore, this model can be easily
adapted to any spatially dependent polymerization pro-
cess.
The outline of this paper is as follows. First, the
equations which govern the spatially nonuniform model
are derived. We next present an approximate solution to
the model. Then the approximate solution is compared
with the salient features seen in polymerization data.
Finally we discuss the implications of our findings and
future directions.
TABLE 1 Equations for spatially nonuniform
polymerization
Oc
-
D Oc\
CIA d 2[cp + cp ]J(c)
ds 2 C++ p]Jc
g(c)/-r (rJ(c) cp+)
t g(c) + r (r J(c) cp )
J(c) = k+(yc - -y,c,)
g(c) = k+,Kj.(c)j +'
(3)
(4)
(8)
(9)
(2a)
(2b)
For clarity, the spatially uniform model for a single
domain is first recapitulated. The concentration of mono-
mers incorporated into polymers, A(t), is related to the
concentration of free monomers, c(t), the activity coeffi-
cients for the monomer concentration, y[c(t)], and the
concentration of polymers, cp(t), accounted by the concen-
tration of polymer ends by the equation
d A/dt = k+ ('yc - y,c,) cp, (la)
in which k+ is the rate of monomer addition. The
monomer concentration at the solubility limit is denoted
here by c., and the activity coefficient of the monomer
solution at that solubility, y(c,) is denoted simply as 'y.
Assuming that there are no other significant intermedi-
ates, Eq. la is just the negative of the rate of disappear-
ance of monomers,
dc/dt = - dA/dt.
Finally, new polymers form with the rate,
dcp ycyt*cj.
dt
= k+ oA
(lb)
(Ic)
THE MODEL
In this section, we derive the partial differential equations
(summarized in Table 1) which describe spatial and
temporal polymer growth from a central point. We begin
with the equations for double nucleation (Bishop and
Ferrone, 1984; Ferrone et al., 1985b; Ferrone et al., 1980;
Hofrichter, 1986). The form of these equations is modi-
fied slightly because we will only consider events which
occur after each homogeneous nucleation event. We then
add propagation terms to these equations to account for
spatial nonuniformity. The resulting equations are still
most appropriate at the initial phase of the reaction,
omitting such effects as domain impingement, and length-
ening or alignment mechanisms.
Here, X represents the fraction of available sites on the
surface of the polymer for heterogeneous nucleation, cj. is
the concentration of nuclei of size j*, yjy is the activity
coefficient for those nuclei, and y'* is the activity coeffi-
cient for the activated complex. It is further assumed that
Y* = 'Y4 and that cj* = Kj. (yc)i, where Kj is a
size-dependent equilibrium constant. Note that there is
no homogeneous nucleation term in Eq. 1c. For ease of
manipulation, the term k+(-yc - 'yc,) in Eq. la, which
will be called the elongation rate, will be denoted byJ(c),
J(c) = k+ (yc - YsC) (2a)
and the prefactor of A in Eq. c, which will be called the
heterogeneous nucleation rate will be denoted by g(c),
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of monomers into polymers. Therefore,
g(c) = k+ 0 Kj (-c) (2b) ,OA/,t = J(c) [cp+ + cp-]/2.
To describe the spatially nonuniform growth of a
polymer domain it is necessary to describe the concentra-
tion at a given point in space as well as time, i.e., c(t)
becomes c(R,t), where R is the position vector of the point
under consideration. Because the model will solely deal
with radial growth, the concentration of free monomers
can be written as c(r,t), where r is the distance from the
domain center. Similarly, the concentration of polymer-
ized monomers becomes A(r,t). There are two distinguish-
able classes of polymer ends. A polymer end at point r,
time t, may have originated at shorter distances (i.e.,
remainder of the polymer resides at values less than r) or
it may have originated at longer distances (remainder of
the polymer resides at distances greater than r). As
polymers grow, the first category will expand the domain,
while the second category will fill it up. These two classes
of polymer ends are denoted as cp+(r,t) and cp7(r,t),
respectively (see Fig. 1).
The set of differential equations (Eqs. 1 and 2) above,
which describe bulk or spatially uniform polymerization,
must be modified by the addition of propagation terms,
which describe how polymerization at one point in space
influences neighboring events. The concentration of mono-
mers c(r,t), for example, will not only change by polymer-
ization, but also by diffusion of monomers into regions
depleted of monomers. Thus, if D is the diffusion constant
for hemoglobin in solution, then
dc J(c) _ D cl dc\dt - 2 [cp + cp-] + r \rOr.
The concentration of polymer ends at a given position can
change by simple growth of the polymer, which moves the
end to a new position. Thus, cp+ or cp7 propagate through
monomer addition described by J(c). To derive an equa-
tion for the rate of change of polymer ends, we consider an
infinitesimally small ring of thickness dr at a distance r
from the center (see diagram in Fig. 2). Within the ring
[r, r + dr], in time dt, outward growing polymer ends
which lie a distance dl(r) from the ring edge (r + dr) will
leave the ring. For a single-stranded polymer, this "escape
length" can be written as the product of the net growth
rate J, the length of each monomer added, a, and the
element of time dt, thus:
dl(r) = J(r,c) a dt.
For a polymer with n strands, a is the effective length of a
single monomer because the addition of n monomers is
required to increase the length of the polymer by one
monomer. For example, the 14 stranded HbS polymers
(Dykes et al., 1978), has a = (6.4/14)nm = 0.46 nm. In
addition to polymer ends leaving the ring, the number of
polymer ends in the ring will be increased by polymers
that enter the ring from smaller sizes. The overall change
of polymer ends cp+(r), due to elongation of polymers is
denoted (bcp+)c, and satisfies
2wrr dr (bcp+)e = -27rr dl(r) cp+(r)
+ 2ir (r - dr) dl(r - dr) cp+(r - dr).(3) (6)
Here, D has been assumed to be constant for a given
initial concentration; in a recent inelastic light scattering
study, Kam and Hofrichter (1986) found that the diffu-
sion constant did not depend on the concentration of
polymerized monomers. If the assumption is made that
polymers do not diffuse significantly, the rate of change of
monomers in solution is no longer matched by the uptake
0
r-dr r I r+drr
d(r - dr) d(r)
FIGURE 2 Derivation of the net flux of polymers out of and into a ring
of radius r. Within the ring [r, r + dr], outward growing polymer ends
which lie a distance dl(r) from the ring edge (r + dr) will leave the ring
in time dt, whereas polymer ends which lie a distance of dl(r - dr) will
enter the ring.
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FIGURE 1 The distinction between c + and cp . Although there is an
end of each of the two polymers at the same spatial location, further
growth of the cp+ polymer will move its end farther from zero, whereas
growth of the cp- end will move it toward zero.
where
cp
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Therefore,
(bcp) -rd(Jc cp+) dt. (6a)
The concentration of polymer ends c + also increases due
to nucleation. That term is given by
(bcp+)n = g(c) A dt. (7)
Thus, the total rate of change of cp+ is:
Ac +1at = [W5c +)e + (6c +)n]/dt
= g(c) A -r (r J(c) cp+).
(8)
The equation for cp- can be similarly derived, and is
OaCP_ g(c) A+ a 80
ar (r J(c) cp (9)
There is an important sign difference in the propagation
terms for c + and c - because cp+ propagates by addition
in the direction of increasing r, whereas propagation of
cp- sends polymer ends in the direction of decreasing r.
The fact that both directions have been treated equiva-
lently is an assumption about the way in which the
heterogeneous nucleation process occurs. A second poly-
mer is visualized as created alongside its parent, so that
growth in either direction is possible. This is not rigor-
ously required, and a model with inequivalent treatment
of c + and c - could be formulated if, for example,
heterogeneous nucleation possessed a certain polarity.
The above equations have been derived for the particu-
lar case of a two-dimensional geometry. In a three-
dimensional case, the equations are slightly modified. By
straightforward adaptation of the above arguments, it can
be shown that
will not be rigorously applicable through the entire
domain growth process, the transition from small three-
dimensional growth to a two-dimensional domain above 6
,Am would add considerable complexity with little hope of
added accuracy or insight, due to the necessity of adding
additional assumptions and approximations. Hence, the
two-dimensional description will be used in the remainder
of this paper.
Because it is possible for a polymer to propagate across
the center, c - will be transformed into c + when it
reaches r = 0. Hence, the model requires that when the
in-growing polymer reaches the center, it abruptly trans-
forms into an out-growing polymer (cp+).
The assumption has been made that all growth can be
regarded as radial. The rationale behind this assumption
can be understood by considering the random growth of
polymers from an element of the periphery of the domain.
Random growth implies that polymers emerge from this
element pointed in all directions. Radial growth will arise
from the projection of each polymer's growth direction
onto a radial direction. If each polymer makes an angle of
with the radial direction, the growth rate is the product
of the maximal growth rate, k+, times the average over
cosO taken for 0 between -r/2 and ir/2. The average
growth rate is thus 2k+/ir, and is within a simple factor of
order unity of the maximal or bulk rate.
Whereas Eqs. 3, 4, 8, and 9 reduce to the spatially
uniform case (Eqs. 1 and 2) if there are no spatial
derivatives, integration of these equations over all space
need not be equivalent to the uniform case. Because these
models are used to determine molecular parameters by
fitting to data, a natural question is whether parameters
generated by analyzing data with a spatially uniform
model (e.g., Eqs. 1) apply to the spatially nonuniform
model here (Eqs. 3, 4, 8, and 9). This will be addressed
below.
OA/Ot = J(c) [cp+ + cp-1/2 (10a)
aCc J(c) +9 + c -I +D a 12cc (10b)
pa g(c) Av - -aa (r2 j(C) C +) (10c)
acP-g(c)[A + '2 ()lO)
Note that the equation for A is unchanged. The experimen-
tal observations of domains that have been made are of
thin layer samples of thickness 4-6 ,um over areas of the
scale of 50-60 ,um. Thus, while the two-dimensional limit
APPROXIMATE SOLUTION
In the absence of an analytic solution to the full system of
Eqs. 3, 4, 8, and 9, a perturbation expansion about the
initial values (Bishop and Ferrone, 1984) offers consider-
able insight into the model. As will be shown, the
first-order expansion approximates the situation when the
concentration of free monomers is taken as fixed at co.
To proceed, we observe that of the four variables, the
concentration of free monomers, c, is significantly larger
than the other concentrations A, c +, and cp- (at least in
the initial stage of polymerization). Thus, we expand c, A,
cp+, and cp- in terms of orders of 1, A/c, (A/C)2, etc. Of
the four variables, c begins as co, whereas A, cp+, and cp-
698 Biophysical Journal Volume 58 September 1990Biophysical Journal Volume 58 September 1990
begin as small values. Thus,
C = CO + C, + C2 + * * -
A = Al + A2 + * * -
(I la)
(1 lb)
CP+ = + + cp2+ + * * (lIc)
c=cpl-+ cp2- + - (lIld)
Each of the parameters such as J and g must also be
expanded about co. Substitution and retaining terms of
first order gives
Thus, if 6 is a delta function in r, the initial condition for u
can be written as:
u (r, O) =
Ih (r),
wrNAh
(14a)
where N is Avogadro's number, and Ah is the height of
the layer in which the domain is viewed. Eq. 14a also
specifies v(r,O), because initially cp- = 0. w(r,O) should
be related to the number of nucleated monomers, i*.
Thus,
0c1 J(co)
Lp
+D a(ac1\ O2a
- (2 [cp+ + cpl ] + rdr(rl(r
At J(co) [c + cp1] (12b)
apt = g(co) A, +
a c (r J(co) cpl +) (12c)
aPt = g(co) Al---4 (r J(co) cp). (12d)
Eqs. 1 2b-d can be solved separately from Eq. 1 2a, and are
the same as Eqs. 4, 8, and 9 with c replaced by co.
Physically, this represents the instantaneous replacement
of polymerized monomers by monomers which diffuse
into the domain. Note that g and J have now become
constants, which depend on the initial monomer concentra-
tion co. The equation for cl (Eq. 12a) can be solved once
Eqs. 1 2b-d have been solved. The accuracy of the
solutions will be of order cl/co.
To obtain the solutions, it is useful to transform the
concentrations c ±, c, and A, and the coordinates r and t.
First, the concentrations are transformed:
w (r, 0)
=2 NAh 6(r). (14b)
However, this initial condition can be replaced by
w(r,O) = 0 for usual values of the parameters. Inclusion
of Eq. 14b adds a term to the solutions of size (g/J)- 1/2,
which is very small. Physically, this says that the effect of
having polymer ends which can grow is more significant
than having a short initial length of polymer capable of
further nucleation on its surface.
Solving the transformed equations is assisted by one
further transformation, this time, of the r and t coordi-
nates. Eqs. 12 can be cast into a dimensionless form by
using the following change:
r = vgj t (l5a)
and
aJ
With this and the transformation
operating Eqs. 12 become:
(l5b)
of Eqs. 13, the
u = r (cpl + cp,-)
v = r (cpl+ -cpi-)
w = r Al'
z = rcl.
(13a)
(1 3b)
(13c)
(13d)
By substituting u, v, w, and z into Eqs. 12, a new set of
equations results. These equations avoid a troublesome
singularity at the origin. Moreover, the condition that
ingrowing polymers transform to outgrowing polymers at
the origin is mathematically established by requiring that
v(O,t) = 0. At infinite distance, all these variables are
assumed to be zero.
The initial conditions are that there are initially two
polymer ends, and some small number of polymerized
monomers, given by the homogeneous nucleus size i*.
aw 1
= - gU
au av
g-= 2 JvJ w
av au
az aw D gji a z\
a=-r -2J ap \IP p
(16a)
(16b)
(16c)
(16d)
In Eqs. 1 6a-c only one composite parameter appears, viz.,
(g/Jl)12, which sets the size of w relative to u or v. The
solutions to the first three equations (1 6a-c) are:
u(p,r ) = 7z II ' 2)rNh
r p2
(17a)
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v(p, r) = {Vli: ;2 (f2 _ p2)
(p, )=2rNhaA °2 p)
(17b)
(17c)
for r > p and are zero otherwise. IO and I, are modified
Bessel functions (Dwight, 1961). These solutions are
shown in Fig. 3.
The accuracy of these solutions depends on the size of
cl/co. The smaller cl/co is, the more accurate are the
solutions given by Eq. 17a-c. In the early part of the
polymerization process, cl/co is small. Later on, if diffu-
sion is rapid enough to replenish the monomers which are
used in forming polymers, cl/co can continue to be small.
Clearly, such effects of diffusion are greatest near the
boundary, where there is a constant supply of free
monomers, than near the center.
In Fig. 4 numerical integration of the full equations
(Eqs. 3, 4, 8, and 9) and the approximate solution are
compared. Two things should be noted. First, the approxi-
mate solution provides an excellent description for over
two decades. Secondly, the error, as described above, is
greater near the center than near the edges.
COMPARISON WITH DATA
There are two main points of comparison between the
theoretical predictions of this radial model and experimen-
tal data. The most extensive investigations have involved
observation of light scattered from a small area, usually in
co
-5.5
0 4 8 12 16
r (gm)
FIGURE 4 Comparison of approximate analytic (solid curve) and
exact, numerical (dotted curve) solutions. Eqs. 3, 4, 8, and 9 were solved
numerically using an algorithm based on the Crank-Nicholson scheme
(Press et al., 1986) after transforming the variables using Eq. 13.
Integrations used a 100-element grid, with each element 0.25 ,um in size.
Data is shown for 0.02-s time steps. At the boundary (25 um), the
concentration of free monomers, c(r, t), was set equal to the initial
concentration and cp , cp+, and A were set to 0. Because cp, must
transform to c + at the origin, c - was transformed into an additional
term in c + at r = 0. The integrations began with the first homogeneous
nucleus. Initially c(r, t = 0) is set equal to the free monomer concentra-
tion at the boundary. The initial value of A was taken as zero. Likewise,
initially the values of cp- was set equal to zero. The concentration of
out-growing polymer ends, cp+ was set equal to two polymer ends within
the first cell. The polymerization parameter values are taken from the
250C set of Ferrone et al. (1985a). D was taken as a constant, equal to
1.13 x 10 7 cm2s- ' (Minton and Ross, 1978). The numerical equations
were not integrated further to avoid an artifact at the 25-,um boundary,
due to the assumption of a large reservoir of monomers just beyond the
end of the integration limit. This has no effect on the solution until the
domain reaches the integration boundary.
-.4
? 3
^ 2
0
p
3.Q
2 -
10 15 0 5 10 15
p
FIGURE 3 Solutions of Eqs. 16a-c, as given by Eqs. 17a-c, which
approximate constant concentration of monomers in the domain. Panel a
shows log (u/p) (solid curve) and log (v/p) (dashed curve) as a function
of p, the dimensionless distance, for different dimensionless times r,
which go from 2 to 15 in increments of two. Dimensionless variables are
related to distance and time by Eqs. 1 5a and b. Panel b shows log (w/p)
as a function of p, for different times, as in a. The scales in a and b differ
by the factor (g/J )1/2, which would make the polymer concentration
much smaller; neither scale shows the common prefactor (irNAha) - 1/2.
the center of the domain (Ferrone et al., 1985a; Hofrich-
ter, 1986), in which it was found that the scattered
intensity grew exponentially for times >1 s. In terms of
the model presented here, such a measurement represents
integrating A(r, t) over a small region about zero. The
second measurement involves the study of the spatial
dependence of domain growth (Basak et al., 1988), in
which domains were parameterized by a gaussian with
increasing width. Thus, a comparison of the model with
the latter results involves comparing the shape of the
domain. These will be examined in turn.
The starting equation is that for the concentration of
polymerized monomers, viz.,
A(r,t)=2w N Ah a r Io gJ[t2 (r/J)2]}. (18)
For sample thickness Ah = 6 ,um (Basak et al., 1988), at a
radial distance r of 1 ,um, the product of the coefficients in
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Eq. 18 gives a prefactor of -0.1 ,uM. Thus, Io must be
considerable (>100) before polymerization is detected in
typical experiments. This in turn requires that the argu-
ment for the Bessel function Io be >6.5, in which case the
asymptotic expression for the modified Bessel function
can be employed (Dwight, 1961), viz.,
ex
Io(x)
2irx (19)
For x = 6.5, this is accurate to better than 2% (Abram-
owitz and Stegun, 1965).
For integration near the origin where r is small, for
finite times, t2» (r/aJ)2. In that case, a small parameter
expansion gives the further approximation that
1 ~~~~e'IJ t
A(r, t) (2Xr)3/2 NAh a r (gJ)"/4 i (20)
In the integrated experiments, light scattering from a
gaussian profile laser beam was employed, thus weighting
the different parts of the domain unequally. The observed
scattered intensity (bob is thus the spatial integral of the
product of the polymerized monomer concentration A(r,t)
times the intensity at that point, with the integration
taken over the region actually viewed. If the laser inten-
sity has gaussian 1 /e width given by a, the integral is
obs (t) = 2r ( A(r,t) e-('l) r dr, (21)
where R is the aperture size in which the domain is viewed
and 40 is the initial intensity times appropriate scattering
efficiencies (treated as constant). Using Eq. 20, this
becomes
'toe lfgt
2 NobsaO erf (R/a). (22)
2 2 N Ah a (gj)114 fIt
This expression is approximately of the form Aexp(Bt),
because the 6 dependence in the denominator of Eq. 22
is a much weaker time dependence than exponential
growth. Thus, we conclude that the model agrees with the
observed exponential growth of the integrated data.
In spatially resolved studies of gelation, domains were
found to possess approximately gaussian radial profiles
(Basak et al., 1988). Subsequent work (Cho and Ferrone,
1990) has shown that the light scattering signal used to
characterize those experiments has significant nonlineari-
ties, which cause a substantial decrease in the observed
signals before the polymerized hemoglobin has reached
its maximum. This being the case, we have allowed for the
possibility that the higher concentrations may be in
significant error in comparing the predictions of this
radial model with the data.
Four parameters have been varied to match the theory
to the data: the initiation time, the net growth rate (B),
the elongation rate (aJ), and the scattering efficiency.
While the latter three are apparent, the need for an
initiation time warrants explanation. In a single domain
experiment, there is a delay before the observed signal for
two reasons. A stochastic delay exists before the homoge-
neous nucleus is formed, and as the name implies, it is
highly variable. This has been extensively studied by
Hofrichter (1986). Once the nucleus forms a nonstochas-
tic delay exists before the existence of sufficient polymer
mass for observation. This delay is due primarily to the
exponential character of the growth process. Experiments
on multidomain samples observe the nonstochastic delay.
A priori, one has no way of distinguishing between the
two components of the delay for a single domain experi-
ment. The equations developed here describe domain
formation after initiation, and thus do not include the
stochastic time. Consequently, to fit the observed data, a
variable stochastic delay must be introduced to adjust the
time observed to time after initiation. This stochastic
delay thus becomes an additional parameter. When this is
obtained, the time between the stochastic delay and the
first triggered data file will be approximately the delay
time or 10th time seen in multidomain experiments.
Fig. 5 compares a typical data set (shown in Fig. 4 of
Basak et al., 1988) with Eq. 18. In the fit shown, the
stochastic delay is 257.8 s, giving a delay time of 47 s. For
the outer four annuli (r 2 5 ,um) which generally corre-
spond to lower intensities, the agreement is quite good.
Near the origin, the theory predicts a more strongly
peaked function where the light scattering signal's linear-
ity is most suspect. We thus conclude that the model
displays the correct shape for the domain.
DISCUSSION
The process of sickle hemoglobin gelation has been
subject to intense study, first to establish a consistent
mechanism for the polymerization, and to determine
molecular parameters for use with a successful model.
The double nucleation model has provided the most
comprehensive explanation for the observed experiments.
However, gelation of sickle hemoglobin has a spatial
dependence, and the continued description of mechanisms
without reference to this dimension is risky (for the
description may lead to incorrect results) and restrictive,
because the spatial dependence may provide new ways of
determining information previously inaccessible. Perhaps
most unsettling is the question of whether the unac-
counted spatial dependence might invalidate or under-
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FIGURE 5 Comparison of the approximate solution, given by Eq. 18
(solid curve) and data taken from Figs. 4 and 8 of Basak et al. (1988).
The sample concentration was 4.86 mM, and the temperature was 1 C.
The data points were taken for 310.8 s (open circles), 313.8 s (solid
circles), 316 s (open triangles), and 319.8 s (solid triangles) after the
laser was turned on to initiate the experiment. Four parameters were
varied in the fit: the initiation time, the net growth rate (B), the
elongation rate (aJ), and the scattering efficiency. The stochastic delay
or initiation time was determined to be 257.8 s so that the time when
data collection was triggered corresponds to a delay time of 47 s. The
first data set shown was collected 53 s after initiation of the domain. The
growth rates were: B = gJ = 0.154 s-' and aJ = 0.5 Am/s. Ah was
fixed as 6 ,m. The scale factor which converts scattered intensity into
polymer concentration was also a fit parameter, and allows the ordinate
to be labeled in concentration units. The fits were accomplished by
attempting to fit only the lower values of log A, assuming that the
deviations at the higher values (near the domain center) arise from the
nonlinearity of response of the light scattering signal.
mine the successes of the model. The description devel-
oped here is a first step toward rectifying these deficiencies.
First of all, it is clear that the double nucleation mecha-
nism, with suitable spatial generalization, cannot only
continue to describe the exponential growth seen in bulk
experiments, but also the profiles seen in spatially resolved
data. Moreover, this treatment also rationalizes the mono-
mer diffusion we have recently observed (Cho and Fer-
rone, 1990; Ferrone, 1989).
It is interesting to compare the prediction of a spatially
uniform description with the radial model described in
this paper. This involves a comparison of the integrated
scattering intensity 4.b, Eq. 22 is thus to be compared
with the result obtained from Eqs. 1 and 2, in which
nucleation is not spatially dependent but uniform through-
out the volume given by irRoAh, in which a single nucleus
(i.e., two polymer ends) is assumed to have formed. In
parallel with Eqs. 21 and 22 above (cf., Hofrichter, 1986),
the observed scattering intensity will be given by
b NR= Ah e gJu' (2I e(RI)2) (23)
Both Eqs. 22 and 23 are approximately exponential and
have the same rate constant, hence the assumption of
spatial uniformity in Eq. 23 is a good approximation to
the correct expression of Eq. 22. Therefore, the rate
constant will yield correct molecular parameters v'.-J.
However, the dependence of the prefactor (A) on the
molecular parameters is quite different for Eq. 22 and 23.
Most notably, in the spatially nonuniform results, the g
and J never appear separately, but always as the product
gJ indicating that measurements of the integrated inten-
sity alone will not suffice to resolve the g and J as Eq. 23
would have suggested is possible. (J and g can be resolved
by stochastic experiments, however [Hofrichter, 1986;
Szabo, 1988]). From Eq. 22, if the reaction is parame-
trized as Aexp(Bt), it is clear that A2B should be constant
for single domains.
The model presented here shows how molecular param-
eters such as growth rates and nucleation rates can be
deduced by analysis of spatially resolved data by explic-
itly accounting for spatial effects. While a full investiga-
tion is still required, the preliminary findings from the fit
to the data in Fig. 5 are quite intriguing. The parameter
B (= [gj] 1/2) is comparable to that found by Ferrone et
al. (1985a), as is the nonstochastic delay time of 47 s. The
smallness of the polymer growth rate J implies a small
value for k+, viz., 9 mM-1 s-. In data obtained by direct
imaging of growing fibers, Samuel et al. (1990) measured
a growth rate of 0.3 ,um/s, at 280C for 3.25 mM
(tetramer) solutions. This translates into a rate constant
of 62 mM-' s-1, which would be consistent with the slow
value deduced here for spatially resolved 11°C data and a
6 kcal/mol apparent activation energy. An apparent
weakness of this treatment is that the nonlinearity in the
light scattering signal has been assumed to appear
abruptly, i.e., the lower points are fit assuming complete
linearity. However, the use of the spatial data should be
able to overcome the problem of light scattering nonlinear-
ity by examining domains at constant intensity contours.
In that case the conversion of A(r,t) to scattering intensity
is constant, even if nonlinear in A(r,t). To the degree that
the spacing of the intensity contours dominate the fit
shown here, to that extent will the results of the fit be
insensitive to the nonlinear response of the light scatter-
ing. Further work is underway to employ this strategy to
determine the various rates for the full data set of Basak
et al. (1988).
The incorporation of monomers into polymers must
ultimately saturate, and at least two mechanisms can be
envisaged which account for this. On the one hand,
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polymer-polymer exclusion may simply cap the concentra-
tion of monomers that can become polymers. On the other
hand, the density of polymers may affect the diffusion
constant, assumed constant here. Neither mechanism is
successfully incorporated into this model yet, and until
that is done, the accurate representation of the saturation
of domain growth will be beyond the scope of this
treatment.
Finally, the approach taken here could also be used for
other polymer forming molecules, such as actin or tubu-
lin, even though the details of the polymerization process
(g and J functions) would differ. Although those systems
do not form polymer domains per se, they do typically
polymerize from intracellular nucleating centers, which
formally would be equivalent to the center of the domain
as used here. Perhaps most usefully, this model provides a
framework for describing concentration gradients due to
sinks in such polymer formation processes.
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